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— EXECUTIVE SUMMARY

> In long-term investments such as public pension funds, it is necessary to pay attention to the
probability of the amount of assets falling below the required level at a future point in time
(downside probability). In actual investment, a policy asset mix should be established and then
rebalanced in a timely and appropriate manner. If a one-period optimization model based on a
mean-variance model is used to formulate the policy asset mix, it is required to confirm the
downside probability when the policy asset mix derived from the model is managed faithfully.

» This study shows that the condition that “the frequencies of data sampling and rebalancing
assumed in the operation are both sufficiently high™ should be satisfied in order to explicitly grasp
the correspondence between the parameters of the one—period optimization model such as mean
and variance and the downside probability from the normal distribution, and examine the use of the
one—period optimization model in long—term investment from the perspective of the rebalancing
and sampling frequencies.

(Note: This working paper is a compilation of research results by GPIF staff, and the contents and opinions expressed in the text do not
represent the official views of the GPIF. We would also like to thank Mr. Hikaru Takeuchi, a GPIF staff member, for his helpful comments in

preparing this working paper. We hereby note and thank him for his comments.

WV 1. Introduction

When constructing portfolios, one—period optimization models are mainly employed due to the ease of model
construction and solution. In GPIF, assets are managed within the allowed range to avoid significant deviation
from the policy asset mix (see GPIF (2023) for detail). Therefore, investment decisions, such as major asset
allocation changes, are made at the time the policy asset mix is determined. Based on the assumption of such
investment process, the policy asset mix is constructed using a one—period optimization model. However,
since it is assumed that public pension funds are expected to use the invested assets for pension payments
in the future, it is necessary to measure the probability that the assumed amount of assets will fall below the
required level at a future point in time (downside probability) when the actual portfolio is faithfully managed
according to the policy asset mix determined using the one—period optimization model.

The most prominent one—period model is the mean-variance model proposed by Markowitz (1952). Honda
(2019) explains that the mean-variance model still provides a very effective methodology for analyzing

financial markets and constructing portfolio strategies. Honda (2019) discusses the issue closely related to



the sampling frequency, which is the subject of this study. One of the topics that Honda (2019) addresses
is the issue of estimating parameters used in mean and variance models, and points out some caveats when
using parameters, based on previous studies such as Levy and Roll (2010) and Kan and Zhou (2007).
Specifically, “Even if the estimated parameters are unbiased estimators (i.e., even if the number of assets
that are estimated to be larger than their true values and the number of assets that are estimated to be
smaller are roughly equal), when obtained estimates are used as input values for the mean and variance model
to optimize portfolios, the derived efficient frontier tends to expand.” In light of this point, when attempting
optimization based on estimated parameters, it is desirable that the confidence interval of the estimated
parameter be as small as possible, in addition to being unbiased. Therefore, when estimating parameters from
historical data, the sampling frequency should be sufficient to ensure a sufficient number of return data.

In order to ensure the actual portfolio does not deviate significantly from the policy asset mix in long-
term fund management, it is necessary to appropriately rebalance the portfolio as needed when the weight
of the managed portfolio deviates from that of the policy asset mix. Shimizu and Uchiyama (2017) are among
the preceding studies that analyzed the impact of systematic rebalancing on performance (rebalancing
premium). After comparing the rebalancing premium from a Monte Carlo simulation using parameters estimated
from the market assuming a geometric Brownian motion model and that obtained from rebalancing actual
market data, they found that the contribution of rebalancing to performance improvement is limited when
“investment opportunities do not change (estimated parameters are fixed).” In addition, if the rebalancing
premium from the actual rebalancing is significantly larger, the study suggests that it is due to the impact of
“fluctuations in investment opportunities,” such as “risk reversal” (a phenomenon in which an asset with a
low past performance subsequently performs well over time, while an asset with a high past performance
subsequently performs poorly).

The purpose of this study is to show that the condition that “the frequency of data sampling and the
frequency of rebalancing are both sufficiently high™ should be satisfied in order to justify the relation between
the parameters of the one-period optimization model with mean and variance and the downside probability
from the normal distribution, and to examine the points to be considered when using the one-period
optimization model for long-term investment in terms of the rebalancing frequency and sampling frequency.

The structure of this paper is as follows. In Section 2, we adopt the geometric Brownian motion model as
in Shimizu and Uchiyama (2017) and organize our ideas on rebalancing frequency (continuous rebalancing and
buy and hold) in line with the purpose of this study. In Section 3, we discretize the geometric Brownian motion
to more explicitly capture the effects of rebalancing frequency and sampling frequency (of return data used
for parameter estimation) on downside probabilities. In Section 4, based on numerical examples, we review
the differences in the size of the confidence intervals for the parameters due to the differences in sampling

frequencies. In the final section, a summary and future issues are added.

VY 2. The case where each asset follows a geometric Brownian motion

2.1 Geometric Brownian motion and rebalancing frequency

The price at the time t for asset i (i = 1,2,3,4), S}, follows the geometric Brownian motion in equation



dS—Sg=yidt+aidBti (1)
Where, B! is the standard Brownian motion, and dB} - dB/dt = p;jdt. For details of Brownian motion, see
Morimura and Kijima (1991).
To handle each weight in the portfolio, the weight vector of the four assets (four assets are assumed
because the current GPIF policy asset mix consists of four asset classes, but the same argument holds for
the general case) w = (wy, w,, w3, w,) and drift vector u = (uy, iy, 43, pts) and diffusion matrices Q are

introduced.

(Case of continuous rebalancing)
Based on equation (1), the stochastic process followed by the portfolio return with weight w is expressed

as equation (2).
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Equation (2) implies that at every instant of time t the distribution of the portfolio return at the next smallest

(2)

time interval dt follows N(wuTdt, wQwTdt). This also means that the portfolio weights are always kept at
w, in other words, the portfolio is continuously rebalanced.
If equation (2) is always satisfied (i.e., continuous rebalancing), the total asset value SJ at time O is grown

up to S by integrating equation (2) from time point O to time point ¢.
Stp — S(}))e(qu—%wﬂwT)th/wﬂwTBt (3)

Using equation (3), we obtain the portfolio gross return from time point O to time point t, R{, as the

stochastic process expressed by equation (4).

RP . — i _ e(qu—%wﬂwT)th/ wowT B, (4)
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From equation (4), the expected value and the variance of the portfolio gross return R{_, are given by

equations (5) and (6), respectively.
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From equation (4), the expected value and the variance of the portfolio log return In(RE.,,) are attained

as equations (7) and (8), respectively.

E(In(RS.,)) =E ((qu - %W.QWT) t++ waTBt> = (qu - %W.QWT) t (7)
V(in(RE.D) =V ((qu — %W.QWT) t++ waTBt> = wow't (8)

Organize the discussion so far. The price at the time ¢t for asset i (i = 1,2,3,4), S}, follows the geometric
Brownian motion in equation (1), and the portfolio weight is always w with continuously rebalanced from time
point O to time point ¢, the initial portfolio value of 1 willbe RE,, at time point t. The expected value of the
portfolio amount is E(RE.,) =e®r)t and the variance of the portfolio amount is V(RE.,) =

eZW"Tt(eWQWTf —1). Also, the probability distribution of the portfolio return RY., = eX follows a lognormal
distribution with the stochastic variable X~N ((wyT - %wﬂwT) t, (wﬂwT)t). At time point t, the probability

that the amount of the portfolio Rf,, is below the threshold K is given by P(RE,,<K)=
P(In(RE.) < In(K)) = P(X < In(K)). Thus, the downside probability is obtained exactly (without using any

approximation).

(Case without rebalancing)

Next, we consider the portfolio gross return when no rebalancing is performed from time point O to time
point t. The amount of assets at time O for asset i (i = 1,2,3,4), S, will be the amount of assets at time

point ¢, Sf,in equation (9) by integrating equation (1) from time point 0 to time point ¢.
st = sieln'=3o" )ro'el (9)

The asset value of the portfolio at time point 0, S, grows up to the asset value of the portfolio at time

point t, /N, in equation (10).
1 i
SPN Zsoe 2 t+o’ Bt (10)

Where, S{ = w;SE.



Using equation (10), the stochastic variable Ro_,,t representing the portfolio gross return from time point 0

to time point t is given by equation (11).

Ry = ép Zwl 7ot Jerol (11)

From equation (11), the expected value and the variance of the portfolio gross return RO_,t are equations

(12) and (13), respectively.
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Assuming that the initial amount of the portfolio is 1, if the portfolio is not rebalanced at all from time point

(12)

(13)

0 to time point t, the downside probability at time point t is formally given by P(Ro_,,t < K) However, the
lognormal distribution does not have the reproductive property appeared in the distribution such as the normal
distribution, and the distribution of the portfolio amount at time point t is not explicitly attained. Due to the
reason, the computation of the downside probability at time point t is not exact and is a bit laborious. Toward
investigation how the downside probability is related to the parameters of the one-period optimization model,
assuming that u‘t are small and using the first order Maclaurin expansion of (e* = 1 + x), the right-hand

side of the equation (12) in the expected value is approximated to equation (14).

4 , 4 _ 4 4 _
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i=1 i=1 i=1 i=1 (14)

=1+wu't
We attempt first—order approximation of the right-hand side of equation (13) in the variance. Assuming

that e2#'t =1 and parameters such as o't are small and using the first order Maclaurin expansion of (e* =
1 + x), the right-hand side of equation (13) in the variance is approximated to equation (15).

V(RyD:) = Z WZeZ“t o't _ )+ zzwiwje(#"w")t (epi,jﬂ'iajt_l)
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In this way, even in the case of no rebalancing, the expected value and the variance of the portfolio amount

Rg'_’:’t are able to be approximately derived. However, as the investment period t becomes longer, the accuracy

of the approximation rapidly deteriorates.

W WV 3. 3. A discrete model where the return of each asset follows a normal



distribution

3.1 Discretization of geometric Brownian motion and data sampling frequency
The price at the time of n for each asset’s i (i = 1,2,3,4), Sk, follows the geometric Brownian motion.
Then, the discretized return X: follows the normal distribution in equation (16).

i i
Sk+At B Sk

; = ppeAt + UAitglic,At (16)
Sk

i —
Xk,At -

Where, &}, is assumed to follow a time-series-wise independent normal distribution with mean zero and
variance At. In addition, the correlation structure among assets is assumed to be Cov(ef 5, s,{_m) = p;; and
there is no time-series—wise cross—correlation. When using this discrete model, the approximation accuracy
to the continuous model given by equation (1) decreases as the data sampling frequency decreases. The
daily (At =1/ 252) sampling frequency, we can generate time series data of daily returns from daily sampled
asset prices using the left-hand side of equation (16), and then take their expected value and standard
deviation to obtain the estimated value uj,,s, and oy .5, respectively. The concept is the same when the
sampled data is divided into monthly (At = 1 /12), quarterly (At =1 /4), semi-annual (At = 1/2), and
annual (At = 1).

3.2 Frequency of rebalancing and data sampling

In this section, we examine the rebalancing frequency and data sampling frequency using discretized
geometric Brownian motion. We begin to compare the process of deriving the downside probability between
the case of rebalancing and the case of no rebalancing in semiannual (twice a year) data sampling frequency
and rebalancing for one year (the first half year and the second half year), then extend the comparison to
the case N annual frequency and rebalancing N times a year.

From the price at the time of n for asset i, S,"l‘l/z, the returns obtained during the first and second half

year are expressed in Xi,,,, X5 5, respectively.

I'In this study, in order to examine the impact of rebalancing frequency and sampling frequency on the
precise derivation of downside probability at a future point in time, a discretization of the continuous model
(where the arithmetic returns follow a normal distribution), as in equation (16), was selected as the discrete
model. Another discrete model is one in which the logarithmic returns follow a normal distribution, as in equation
(16°) (this is nested in Miyazaki (2005)), which assumes that the differences after the Box-Cox
transformation follow a normal distribution. While the modeling using equation (16") can describe multi-period
returns as the sum of one—period returns, it is not used in this study because it complicates the treatment

of portfolio returns (they are not normally or lognormally distributed).

. Stia . . ,
Xiar = ln( S+i L) = UacAt + 07k ar (16”)
k




(Rebalancing portfolio according to data sampling frequency)

Using the notation in equation (16) and taking one—unit time interval as six months, one period return is a
six—month return, and the six—-month return of a portfolio whose initial weighting is w is Z?:1WiX1i,1/z- If the
current portfolio amount is written as S0 1/2 the amount of the portfolios at the end of six months and one
year are S7,,, and S3; ,,, respectively. Using the expression that the six-month return of a portfolio whose
initial weighting is w is Zi:lWiX1i,1/2: the portfolio values at the end of six months and one year 551/2 and

S41/, arerelated to the six-month returns X1, ,,X} 1/, as equation (17) and equation (18), respectively.

4

511/2 —501/2 (1+ZW1X11‘1/2> (17)
i=1
4

551/2 = 51/2 <1 + Z WiXé,1/2> (18)
i=1

Using equations (17) and (18), the stochastic variable representing the portfolio gross return from time point
0 (the current point in time) to time point 2 (one year later) (the amount of money invested in one unit at
time point O that will be available at time point 2) Rg_,z‘l/z is given by equation (19). (corresponding to
equation (4) in the continuous model)

55,1/2 5(1)3,1/2(1 + Z?:lwixia/z)(l + Z;Ll WiX2i,1/2)

R(F))—>21 2=
1/ SP 55’1/2

(o gon)ogon)

Using the notation in equation (16) and taking one—unit time interval as 1/N year, one period returnis a 1

(19)

/N year return, and is denoted as X, ,y. The stochastic variable of the portfolio gross return from time
point O (at the present time) to time point N (how much one unit of money invested at time point 0 is worth
at time point N) R{_y,,y is given by equation (20).

sk
Rg—>N1/N SNl/N n<1+zwl]1/N> (20)

0,1/N :

At time point N, the probability that the amount of the portfolio Ro_,N 1N is below the threshold K is given
by P(Rg—>1v1/1v = K) P(H] 1(1 + YW ]1/1v) = K) P(IOg(l'I, 1(1 + 2w ]:I/N)) = logK) =
P(Zi1log(1+ Tl wiX/1/y) < logK) = P(ZN_ Tl wiX} 1y < logK). The sampling frequency N is
sufficiently large and E?=1Wini,1/N is sufficiently small, approximation log(l +¥E, wini'l/N) =
Z?=1Wini,1/N holds. The probability distribution followed by the stochastic variable Z?:1WiX1i,1/N is the
normal distribution with the expected values and variance—covariance matrices estimated by using 1/N-year
return data py/n = (Ma1/n0 Ho1/no Ha1/no Haan) and Qq/y, respectively. In the rebalancing case, if the
sampling frequency N is sufficiently large, the downside probability can be accurately obtained from the

normal distribution.

(Without rebalancing portfolio according to data sampling frequency)

Next, consider the portfolio gross return when no rebalancing is performed from time point O to time point



2. The price at time point O for asset i (i = 1,2,3,4), 5§, ,,. becomes S;,, at time point 2 in equation (21).

Ss172=S612(1+X11,.)(1+X5,,5) (21)
Using this, the total asset value S at time point O becomes 551’\;2 at time point 2 in equation (22).
Saiys = o1/zZWL (1+X1,,)(1+X5,,,) (22)

Where, 55,1/2 = w;Sh1/2.

Using equation (22), the stochastic variable representing the portfolio gross return from time point O to time

point 2 R is given by equation (23).

SPN
= Zwl(l + X1 1/2)(1+X51/5) (23)

Taking one-unit time interval as 1/N year, one period return is a 1/N year return, and is denoted as

0-»2 1/2

R0—>2

Xli 1/n- 1he stochastic variable of the portfolio gross return from time point O (at the present time) to time
point N (how much one unit of money invested at time point O is worth at time point N) Ro_,N 1N is given
by equation (24).

SPN

R = g = Zwl]_[(u ) (24)
i=1

0,1

At time point N, the probability that the amount of the portfolio R is below the threshold K is given

0—>N1/N
by P(Ryy < K) = P(Tiywi [17-1(1 + X}, ,y) < K). Unlike the case of rebalancing, due to the fact that
the weight w; is outside the stochastic variable H 1(1+ 1/N) even though taking logarithm of the

portfolio gross return, the downside probability cannot be explicitly derived from the normal distribution.

3.3 Implication when rebalancing frequency equals data sampling frequency
For the case where the rebalancing frequency equals the data sampling frequency, we will again discuss the
caution of using a one—period optimization model for the purpose of the long—term portfolio management with

rebalancing.
(The case where the frequency is annual)
In the case of annual frequency, putting At = 1in equation (16), equation (16, At = 1) is attained.
l
= =pl-1+0fel, (16,At =1)

The expected value and standard deviation of the annual return X,’;yl are ut and of, respectively. The
stochastic variable representing the portfolio gross return from time point O (at the present time) to time
point T (how much one unit of money invested at time zero is worth at time N) R{ .., is given by equation
(25).

St
Ry = = ﬂ<l+zwl y (29
0,1 ;



At time point T, the probability that the amount of the portfolio R{,y,,y is below the threshold value K is
given by P(RE.p,<K)=P(Ill-s(1+ X wiX,) <K) =P(log(IT}-,(1 + i, wiX},)) < logK) =
P(XT 1 log(1+ 3t wiX},) < logk) = P(XT_, ¥t wiX}, < logK). Since the sampling frequency N =1
is low because Y, Wini,1/1v is not sufficiently small, approximation log(1 + Z;Llwini_l/N) =y, Wi‘in,l/N
is considered to be rather coarse. In addition, the distribution followed by the stochastic variable Y7, win"‘1
is the normal distribution with the expected value wul and the variance wQ,w” composed of the expected
values vector and variance-covariance matrices estimated by using T annual return data pq =
(411, M1, 31, Ha1) @nd Qq, respectively. As the numerical example in Section 4 confirms, the confidence
intervals for the estimated parameter obtained from the annual return data are considerably wide and the

estimation accuracy is quite coarse.

(Cases where frequencies are semi—annual (N = 2), Quarterly (N = 4), Monthly (N = 12), Weekly (N = 52),
daily (N = 252))

In the case of N times a year frequency, putting At = 1/N in equation (16), equation (16, At = 1/N) is

attained.
i i1 1/N _5?1/1\1 ; 1 C
i = T = Hyw ‘v T oungan (16,At = 1/N)
j,1/N

The expected values and standard deviations of 1/N year return in,1/1v are ,ui/N/N and ali/N/\/W,
respectively. The stochastic variable representing the portfolio gross return from time point O (at the present
time) to time point N -T (how much one unit of money invested at time point O is worth at time point N - T)

R§_n.r1/n i given by equation (26).

SP N-T 4
N-T,1/N i
Rg—’N'T,l/N = SP / = 1_[<1 + ZWiX]'l,l/N> (26)
i=1

0,1/N =1

At time point N - T, the probability that the amount of the portfolio Rf .7,y is below the threshold K is
given by  P(R{.ypin <K)=PII(1+ 2k, wiX] ) < K) = P(log(TT\5(1 + Zh, wiXfy y)) <
logk) = P(X)" log(1 + Z?:1Wini,1/N) < logK) = P(Z}4 Z?:1Wini,1/N <logK). As the sampling
frequency N increases, Z?:1Wini,1/N becomes smaller and the accuracy of the approximation
log(1+2?:1Wini‘1/N) EZ?zlwini‘l/N is improved. The distribution followed by the stochastic variable
Z?=1WiX1i,1/N is the normal distribution with the expected value W”T1/1v and the variance wQ,,yw" with
expected values vector and variance-covariance matrices estimated by using 1 / N-year return data for
N -T periods py/y = (U118 H2,1/n0 Ha,1/n0 Haayn) @0d @)y, respectively.

Thus, when the rebalancing frequency and the data sampling frequency are equal, whether annual, semiannual,
monthly, weekly, or daily, the downside probability at a future time can be approximated by a normal distribution.
While the confidence intervals for the estimated parameter (the expected value WI‘T1 and the variance
wQ,wT) obtained from the annual return data are considerably large as we mentioned earlier, the confidence
intervals for the estimated parameter (the expected value wu', , and the variance wQq,yw") obtained

from 1/N-year return data for N-T periods shrink as the sampling frequency N is increased.



Based on the previous discussion, “the condition that both the frequency of data sampling and the frequency
of rebalancing are sufficiently high” should be satisfied to explicitly ascertain the relation between the
parameters (mean and variance) of the one—period optimization model and the downside probability from the

normal distribution.

W WV 4. Numerical examples

In Section 1, we introduced Honda (2019) as a preceding study and pointed out that when attempting
optimization based on estimated parameters, the parameter values, in addition to being unbiased, should have
their confidence intervals as small as possible, so that a sampling frequency that can ensure a sufficient
number of return data is necessary. Also, in Section 3, when the rebalancing frequency and the data sampling
frequency are equal, the downside probabilities after T years are approximately given by
P(X7_1 Tl wiX}, < logK) (case of annual sampling) and P(Z}7) ¥, wiX/, y < logk) (case of 1/N
year sampling). The confidence interval for the downside probability is affected by a first—order approximation
of the logarithmic function as well as the estimated intervals for the expected value and variance of the
stochastic variable Y7_, i, wiX}; and Y Sk, wiX/y /-

In the numerical example, as return data following a normal distribution, we adopt 1/N-year sampling return
data X;,,yover N-T period. The sampling frequency can be annual, semiannual, quarterly, monthly, weekly,
or daily (N =1, 2, 4, 12, 52, 252), and the years of return data are b years and 25 years (T = 5,25),
and the confidence intervals for the expected value and standard deviation obtained from these return data
sets are examined. For details on the confidence intervals of expected values and standard deviations, please
refer to Noda and Miyaoka (1990).

(Confidence interval of expected value)
The expected value )?1/,\, and unbiased variance Ulz/N estimated from 1/N-year sampling return data

Xj1/vover N-T periods are given by equations (27) and (28), respectively.

1 NT
Xin = ﬁz Xi/n (27)
j=1
1 NT
= 2
Uf/NzN.T_lz(ijl/N_Xl/N) (28)
j=1
X1/N—ﬂ1/N

Assumed that the true expected value of 1/N-year returnis p . ~ty.r—1, Where ty.r_, follows

U VN T

t distribution with degree of freedom N -T — 1. If we adopt the upper 100(a/2) percentile points, we obtain
equation (29).

X_I/N —Ui/N
Pl —t a<—F—— <t al=1-«a (29)
< NItz T Uz y/NN-T — V1712

Rewriting equation (29), we obtain equation (30).



= Ui/n Ui/n
P<X1/N Lyre 1_\/__,[11/1\] <X1/N+t 1%ﬁ):1—(1 (30)

U1/N

From equation (30), the 100(1 — a) percentile confidence interval of wu,,y is [)?1/,\, tyr1@ « v Xy +

tyro1® J“_”] Inequality in the left-hand side of equation (30) multiplied by N yields equation (31).
— Ul/N\/N — Ul/N\/N
P(N-Xl/N—tN_T_L% v SN-ul/NSN-Xl/N+tN_T_1% v =1l-a (31)

Based on equation (31), the confidence interval for the expected annualized value of N - p,,y is given by
equation (32).

e U1<;VT\/W’N S tN.T_L% Ul/N\/N
Noticing that the equation that N -X,,y satisfiesis 1-X; =2-X;,, =4-Xy,, =12-X,/1, =52 Xy /5, =
252-X,/55, and also the equation that U,,yVN satisfies is U1 = Uy /pV2 = Uy qV4d = Uy yy,V12 =

Uy/52V52 = Uy /25,252, the essential influence of the difference in sampling frequency on the confidence

interval of the annualized expected value is the degree of freedom of the confidence coefficient t,.._, a.
’2

(32)

(Confidence interval of variance)

g = 2
SN (X /n—X1/N)

2 2
— ~Xk-1-1, Where yxg.r_, follows
1/N

Assumed that the variance of 1/N-year return is afy,

x? distribution with degree of freedom N -T -1.If we adopt the upper 100(a/2) percentile points, we obtain
equation (33).

— 2
Z] 1( j,1/N _Xl/N)
P(XNT Li-a/2 S 2 SXI%I-T—l,a/Z =l-a (33)
O/N
Rewriting equation (33), we obtain equation (34).
— 2
(Z, 1( j,1/N — Xl/N) 21 1( 1/N_X1/N) ) (34)
‘71/1\1 =l—-a«a
XNT 1,a/2 XNT 1,1-a/2
From equation (34), the confidence interval for o7,y is [Z’ 1(X2””V_X”N) ,Z’ 1(X”/N_X”N)
AN-T-1,a/2 XNT 1,1-a/2

After the left-hand side of equation (34) is rewritten by way of equation (28), the resulting inequality is
multiplied by N, then, the confidence interval of the annualized variance N - af/N is obtained as equation (35).

(N-T-1) (N-T-1)
P(-5——=N- U}y <N oly<s—3—N-Uly|=1-a (35)
ANT-1,a/2 XNT 1,1-a/2

Noticing that the equation that N - U7, satisfies is 1-Uf =2-U}, =4 U}, =12-Uf);, =52-Uf/5, =

252 U$/ys,. the essential influence of the difference in sampling frequency on the confidence interval of the

(N-T-1) (N'T-1)

and

annualized variance is values of the coefficients :
XNT 1,a/2 XNT-11-a/2

True expected value N-ui/n and standard deviation /N - o,y Of the annual return are set to 5% and 10%,

respectively, and also confidence level a is set to 0.05. The confidence intervals for the expected value and



standard deviation are shown in Figure 1 and Figure 2, respectively, for b and 25 years of return data. The
confidence intervals are shown for the case where the estimated expected value and the variance are equal
to the true expected value and the variance of the return (u,,y = )?1/1\1,012/,\, = Uf/N).

Focusing on the confidence interval of the expected value, we find that the confidence interval shrinks
significantly when the number of years T of return data is increased from 5 years (Figure 1a) to 25 years
(Figure 1b). However, the effect of increasing the sampling frequency on the confidence interval is small,
especially when the number of years of return data is 25 years.

Regarding the confidence interval of the standard deviation, if the number of years of return data T is
increased from 5 years (Figure 2a) to 25 years (Figure 2b), the confidence interval shrinks significantly, as
in the case of expected values. As the sampling frequency N is increased, the confidence interval shrinks
regardless of the number of years of return data. This effect is particularly large when the number of years
of return data is 5 years.

From the numerical example, two implications for the case where investment opportunities do not vary are
as follows. First, the confidence interval of the standard deviation shrinks rapidly as the sampling frequency
increases, so to grasp the downside probability sharply, it is effective to increase the data sampling frequency
within a realistic rebalancing frequency. Next, the confidence interval for the expected value will not shrink
essentially unless a longer number of years of return data is taken. However, there is concern that attempting
to take a longer number of years of return data may include periods of time that may differ from future
economic assumptions. It would be preferable to use an approach other than simply estimating expected

returns from historical return data, such as using forward—looking expected returns.
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W WV 5. Summary and future issues

In this paper, we show that for both continuous and discrete models, when investment opportunities do not
vary, “both the frequency of data sampling and the frequency of rebalancing are sufficiently high™ should be
satisfied to explicitly capture the relation between parameters (mean and variance) of one—period optimization
model and the downside probability from the normal distribution. In addition, as an implication from the viewpoint
of capturing the efficient frontier and downside probability sharply, it was found that it is better to collect

return data at a sampling frequency that can take as many samples as possible.



Here are four main issues to be addressed in the future.

The target amount for determining the downside probability was set as a constant value K. However, it
is desirable to extend the model to include the target amount as a stochastic variable in the application
of the model.

Explore appropriate estimation methods, market data, etc. regarding forward-looking expected returns
and variance—covariance matrices.

Based on the empirical analysis, extend the model to the case of variable investment opportunities, if
necessary.

The GPIF’'s policy asset mix is reviewed every five years based on the fiscal verification. The
appropriateness of using a one—period model for long—term investment would need to be fully considered.

In this case, the framework of the multi-period portfolio optimization model in Hibiki (2004) may be useful.
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